This paper presents a new generalized Mackey-Glass model with a non-linear harvesting term and mixed delays. The main purpose of this work is to study the existence and the exponential stability of the pseudo almost periodic solution for the considered model. By using fixed point theorem and under suitable Lyapunov functional, sufficient conditions are given to study the pseudo almost periodic solution for the considered model. Moreover, an illustrative example is given to demonstrate the effectiveness of the obtained results.
Introduction
In 1977, Mackey and Glass [17] proposed the following non-linear differential equation with constant delay
, 0 < n.
in order to describe the concentration of mature cells in the blood concentration. Here α, β, τ and θ are positive constants, the unknown x stands for the density of mature cells in blood circulation, α is the rate of lost cells from the circulation at time t, the flux f (x(t − τ )) := βx(t − τ ) θ n + x n (t − τ ) of cells in the circulation depends on x(t − τ ) at the time t − τ , where τ is the time delay between the production of immature cells in the bone marrow and their maturation.
Since its introduction in the literature, the hematopoiesis model has gained a lot of attention and various extensions. Hence, under some additional conditions some authors [1, 8, 21, 26] considered an extended version of eq.(1) and obtained the existence and attractivity of the unique positive periodic and almost periodic solutions of the following model
, 0 ≤ m ≤ 1, 0 < n.
Recently, there have been extensive and valuable contributions dealing with oscillations of the hematopoiesis model with and without delays, see, e.g., [1, 4, 8, 9, 12] and references therein. Also, the stability of various models was strongly investigated by many authors recently [14, 16, 21, [23] [24] [25] and references therein.
As we all know, in real-world applications equations with a harvesting term provide generally a more realistic and reasonable description for models of mathematical biology and in particular the population dynamics. Hence, the investigation of biological dynamics with harvesting is a meaningful subject in the exploitation of biological resources which is related to the optimal management of renewable resources [7, 10] .
Besides, the study oscillations and dynamics systems of biological origin is an exciting topic. One can find a valuable results in this field [5, 6, 13, 18, 20] and references therein.
Motivated by the discussion above the main subject of this paper is to study the existence and the global attractor of the unique and positive pseudo almost periodic solution for the generalized Mackey-Glass model with a nonlinear harvesting term and mixed delays. Roughly speaking, we shall consider the following hematopoiesis model
However, to the author's best knowledge, there are no publications considering the pseudo and positive almost periodic solutions for Mackey-Glass model with harvesting term and 1 < m ≤ n.
The remainder of this paper is organized as follows: In Section 1, we will introduce some necessary notations, definitions and fundamental properties of the space PAP(R,R + ) which will be used in the paper. In Section 2, the model is given. In section 3, the existence of the unique positive pseudo almost periodic solution for the considered system is established. Section 4 is devoted to the stability of the pseudo almost periodic solution. In Section 5, based on suitable Lyapunov function and Dini derivative, we give some sufficient conditions to ensure that all solutions converge exponentially to the positive pseudo almost periodic solution of the equation (3) . At last, an illustrative example is given. It should be mentioned that the main results of this paper are theorems 1, 2.
Preliminaries
In this section, we would like to recall some basic definitions and lemmas which are used in what follows. In this paper, BC(R, R) denotes the set of bounded continued functions from R to R. Note that (BC(R, R), . ∞ ) is a Banach space where the sup norm
Definition 1 Let u(.) ∈ BC(R, R), u(.) is said to be almost periodic (a.p) on R if, for any > 0, the set
is relatively dense; that is, for any > 0, it is possible to find a real number l = l( ) > 0; for any interval with length l( ), there exists a number δ = δ( ) in this interval such, that
We denote by AP (R, R) the set of the almost periodic functions from R to R. Besides, the concept of pseudo almost periodicity (p.a.p) was introduced by Zhang [2] in the early nineties. It is a natural generalization of the classical almost periodicity. Precisely, define the class of functions P AP 0 (R, R) as follows
The collection of such functions will be denoted by P AP (R, R). The functions h and φ in the above definition are, respectively, called the almost periodic component and the ergodic perturbation of the pseudo almost periodic function f . The decomposition given in definition above is unique. It should be mentioned that pseudo almost periodic functions possess many interesting properties; we shall need only a few of them and for the proofs we shall refer to [2, 3, 22] . (a) f.g, f+g ∈ P AP (R, R).
Definition 2 [2] Let Ω ⊆ R and let K be any compact subset of Ω. On define the class of functions P AP 0 (Ω × R, R) as follows
uniformly with respect to s ∈ K.
Definition 3 (Definition 2.12, [19])
Let Ω ⊆ R. An continuous function f : R × Ω −→ R is called pseudo almost periodic (p.a.p). in t uniformly with respect x ∈ Ω if the two following conditions are satisfied : i) ∀x ∈ Ω, f (., x) ∈ P AP (R, R), ii) for all compact K of Ω, ∀ > 0, ∃δ > 0, ∀t ∈ R, ∀x 1 , x 2 ∈ K,
Denote by P AP U (Ω × R; R) the set of all such functions.
The model
In order to generalize and improve the above models, let us consider the following Mackey-Glass model with a non-linear harvesting term and several concentrated delays
where t ∈ R and
The function a : R −→ R + is pseudo almost periodic(p.a.p) and inf t∈R a(t) > 0.
Throughout the rest of this paper, for every bounded function f : R → R, we denote
Notice that we restrict our selves to R + -valued functions since only non-negative solutions of (4) are biologically meaningful. So, let us consider the following initial condition
We write x t (t 0 , φ) for a solution of the admissible initial value problem (4) and (5) . Also, let [t 0 , η(φ)[ be the maximal right-interval of existence of x t (t 0 , φ).
Main results
As pointed out in the introduction, we shall give here sufficient conditions which ensures existence and uniqueness of pseudo almost periodic solution of (4). In order to prove this result, we will state the following lemmas. For simplicity, we denote x t (t 0 , φ) by x(t) for all t ∈ R.
which proves that x(.) is bounded. The second part of the conclusion is given by Thorem 2.3.1 in [15] , we have that η(φ) = +∞.
Proof
We define the continuous function
From the hypothesis, we obtain G(0)<0, then there exists λ ∈ [0, 1], where
Let us consider the function W (t) = x(t)e λt . Calculating the left derivative W (.) and by using the following inequality
We obtain
Let us prove that
Suppose that there exists t 1 > t 0 such that
Then
which is a contradiction. Consequently, x(t)e λt < Q. Then,
and if m = n: (C.7)
Definition 4 A positive solution x(.) of the differential equation is permanent if there exists t * ≥ 0, A and
Lemma 1 Suppose that there exist a two positives constants M and k satisfying:
[H1 ] If m<n:
If m = n we have:
and φ ∈ C 0 , then the solution of (4)-(5) x(.) is permanent which η(φ) = +∞.
Actually, we prove that x(.) is bounded in [t 0 , η(φ)[.
• First, we claim that
Contrarily, there exists t 1 ∈]t 0 , η(φ)[ such that:
Calculating the right derivative of x(.) and by (H2) and (C.7), we obtain
which is a contradiction. So it implies that (i) holds.
• Next, we prove that
Otherwise, there exists t 2 ∈]t 0 , η(φ)[ such that
Calculating the right derivative of x(.) and combining with (H3), (C.3) and(C.5), we obtain
which is a contradiction and consequnetly (ii) holds. From Thorem 2.3.1 in [15] , we have that η(φ) = +∞. The proof of Lemma 4.4 is now completed.
Clearly, ψ ∈ P AP (R, R) and we obtain that
Let t ∈ R, we obtain then If h ∈ P AP (R, R), then the function F (., h(.)) ∈ P AP (R, R).
Theorem 1 If conditions (H1)-( H3) and
[H4] : sup
are fulfilled, then the equation (4) has a unique p.a.p solution x(.) in the region B, given by
− H(s, x(s − σ(s))ds.
Proof
Step 1:
Clearly B is a bounded set. Now, let ψ ∈ B and f (t, z) = ψ(t − z), since the numerical application ψ is continuous and the space PAP(R, R) is a translation invariant then the function f ∈ P AP U (R × R, R + ). Furthermore ψ is bounded, then f is bounded on R × B. By the lemma 4, the Nymetskii operator
Since inf t∈R |1 + ψ n (t − τ i (t))| > 0 and using properties 1, the p.a.p functions one has
∈ P AP (R, R).
Also, under the fact that the harvesting term verifies the Lipschitz condition, being the lemma 6,
Step 2: Let us define the operator Γ by
We shall prove that Γ maps B into itself. First, since the functions G(.) and a(.) are p.a.p one can write
where G 1 , a 1 ∈ AP (R, R) and G 2 , a 2 ∈ P AP 0 (R, R). So, one can deduce
By the lemma 5, I(.) ∈ AP (R, R).
Now, we show that II(.) is ergodic. One has
Since a − 1 ≥ a − and for large enough v 0 , we obtain
So, II 2 ∈ P AP 0 (R, R).
Thereafter, it has not yet been demonstrated that II 1 (.) ∈ P AP 0 (R, R). Firstly, we prove that the following function We have a 2 (.) ∈ P AP 0 (R, R), for > 0 there exists T 0 > 0 such that
Since [0, v] is bounded, the Fubini's theorem gives for > 0 there exists T 0 > 0 such that
which implies the required result.
Then, we obtain
By the mean value theorem, ∃η ∈]0, 1[ such that
Since the function µ ∈ P AP U ([0, x 0 ] × R, R) and in virtue of the Fubini's theorem for > 0,
So, II 1 ∈ P AP 0 (R, R).
Finally, we study the ergodicity of III(.). We have
where
Next, we prove that lim
By the Fubini's theorem, we obtain
Now, since G 2 ∈ P AP 0 (R, R), then the function Ψ T defined by On the other hand, notice that G 2 ∞ < 0 and by setting ξ = t − s we obtain
Step 3:
It is clear that γ is continuous function on [0,1]. From (H4) : γ(0)<0, so ∃ζ ∈ [0, 1] such that γ(ζ) < 0 (C.8).
Next, we claim that Γ (ψ)(t) ∈ [k, M ] for all t ∈ R. For ψ ∈ B, we have
Thus Γ a self-mapping from B to B. * Γ is a contraction. Indeed; Let ϕ, ψ ∈ B, we have
By the mean value theorem, one can obtain
where x, y ∈ [k, M ], θ lies between x and y.
Consequently, the following estimate hold
which proves that Γ is a contracting operator on B. By using fixed point theorem, we obtain that operator Γ has a unique fixed point x * (.) ∈ B, which corresponds to unique p.a.p solution of the equation (4).
The stability of the pap solution
Definition 5 [15] Let f : R −→ R be a continuous function, then the upper right derivative of f is defined as
h .
Definition 6
We say that a solution x * of Eq. (4) is a global attractor or globally asymptotically stable (GAS) if for any positive solution x t (t 0 , φ) lim t→+∞ |x * (t) − x t (t 0 , φ)| = 0.
Theorem 2 Under the assumptions H(1)-H(4), the positive pseudo almost periodic solution x * (.) of the equation (4) is a global attractor.
Proof Firstly, set x t (t 0 , φ) for φ ∈ C 0 by x(t) for all t ∈ R. Let
Then,
Let us define a continuous function ∆ : R + −→ R by
From (H4), we have ∆(0) < 0, then there exists λ ∈ R + , such that ∆(λ) < 0 (C.11).
We consider the Lyapunov functional V (t) = |y(t)|e λt . Calculating the upper right derivative of V (t), we obtain
.
We claim that
Besides,
On the other hand, for all x, x * ∈ R + we have
So, we obtain
However, by (C.11)
which is contradicts the hypothesis. Consequently, |y(t)| < M 1 e −λt , ∀t > t 0 .
An example
In this section, we present an example to check the validity of our theoretical results obtained in the previous sections.
First, we construct a function ω(t). For n = 1, 2, ... and 0 ≤ i < n, a n = n 3 − n 3
and intervals I i n = [a n + i, a n + i + 1]. Choose a non-negative, continuous function g on [0,1] defined by g(s) = 8 π s − s 2 .
Define the function ω on R by ω(t) =    g[t − (a n + i)], t ∈ I i n , 0, t ∈ R + ∪ {I i n : n = 1, 2, ..., 0 ≤ i ≤ n}, ω(−t), t < 0.
From ( [2], p.211, Example 1.7), we know that ω ∈ P AP 0 (R, R) is ergodic. However, ω / ∈ C 0 (R, R). It is not difficult to see that H ∈ P AP U (R × R, R + ) and satisfies Lipschitz condition with l = 10 −2 .
Let k=2, M=3.29. We obtain easily:
[H1 ] 0 < 2 < 3.29;
[H2 ] −a − M + 
Conclusion
In this paper, some new conditions were given ensuring the existence of the uniqueness positive pseudo almost periodic solution of the hematopoies model with mixed delays and with a non-linear harvesting term (which is more realistic). Also, the global attractivity of the unique pseudo almost periodic solution of the considered model is demonstrated by a new and suitable Lyapunov function.
